Abstract. This paper studies two well-known models for two-phase fluid flow at constant temperature, the isothermal Navier-Stokes-Allen-Cahn and the isothermal Navier-Stokes-CahnHilliard equations, both of which consist of equations for the (total) fluid density ρ, the (massaveraged) velocity u and the concentration (of one of the phases,) c. Assuming in either case that both phases are incompressible with different densities, each of the models is shown to reduce to a system of evolution equations in ρ and u alone. In the case of the Navier-Stokes-Allen-Cahn model, this reduced system is the classical Navier-Stokes-Korteweg model. The reduced system resulting from the Navier-Stokes-Cahn-Hilliard equations is a novel 'integro'-differential system in which a non-local operator acts on the divergence of the velocity.
With phase transformation
We consider the Navier-Stokes-Allen-Cahn system (NSAC) of Blesgen [2] , ∂ t ρ + ∇·(ρu) = 0, ∂ t (ρu) + ∇·(ρu ⊗ u) = ∇·(S(u) + P(c)) (1) ∂ t (ρc) + ∇·(ρc u) = δ −1/2 (ρq + ∇·(δρ∇c))
with the Cauchy stress tensor S and non-hydrodynamic tensor P S(u) = 2µD(u) + λ∇·uI, D(u) = 1 2 ∇u + (∇u) T P(c) = −pI − θδρ∇c ⊗ ∇c (2) and fixed temperature θ > 0. The density ρ and the production rate q are given by
Here G denotes the extended Gibbs energy assumed to be of the form
and τ 1 , τ 2 > 0 are constants with
Note that (4), (5) is the Gibbs energy used by Lowengrub and Truskinovsky in their pioneering work on two-fluid mixtures [7] , in which they formulate and treat the corresponding Navier-StokesCahn-Hillard system (that we consider below).
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Proof. First, note that by relation (5) the unknown c can be regarded as a function depending on ρ. We therefore set
with derivativesc
Inserting these relations into the Allen-Cahn equation we obtain
as well as
From these relations we are able to find en explicit representation of the pressure,
This yields
where we have used (11) and S δ (u) is given by (8) . Let κ(̺) = δ * ̺ −3 . The second last term can be rewritten as
Using this identity we find
with ψ, R, and κ given as in (10). The tensor K is exactly the Korteweg tensor defined by Dunn & Serrin [3] .
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Without phase transformation
The Navier-Stokes-Cahn-Hilliard equations (NSCH) read
We assume again (2) - (6) and use the chemical potential
as well as a mobility γ > 0. As for NSAC, the pressure can be eliminated from the equations, turning them into a Navier-Stokes-Korteweg system. This Navier-Stokes-Korteweg system has the same capillarity κ(ρ) and extended Helmholtz energy ψ as the ones found in the NSAC case (equation (10)); differently from the NSAC case (1), the Cauchy tensor acquires a non-local part.
Theorem 2. NSCH can be written as the Navier-Stokes-Korteweg system
given as in (9), and Λ −1 γ a solution operator for the elliptic problem
In case of the whole space R n , one may take 
